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Abstract
The Doplicher-Fredenhagen-Roberts (DFR) framework for noncommutative (NC) space-times is
considered as an alternative approach to describe the physics of quantum gravity, for instance.
In this formalism, the NC parameter, i.e. θµν , is promoted to a coordinate of a new extended
space-time. Consequently, we have a field theory in a space-time with spatial extra-dimensions.
This new coordinate has a canonical momentum associated, where the effects of a new physics
can emerge in the fields propagation along the extra-dimension. In this paper we introduce the
gauge invariance in the DFR NC space-time. We present the non-Abelian gauge symmetry in
DFR formalism, and the consequences of this symmetry in the presence of such extra-dimension.
The gauge symmetry in this DFR scenario can reveal new fields attached to θ-extra-dimension.
We obtain the propagation of these gauge fields in terms of canonical momentum associated
with θ-coordinate.
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1
2I. INTRODUCTION
The inconvenience of having infinities that destroy the final results of several calcu-
lations in QFT have motivated theoretical physicists to ask if a continuum space-time
would be really necessary. The alternative would be to construct a discrete space-time
with a noncommutative (NC) algebra, where the position coordinates are proportional to
operators Xˆµ (µ = 0, 1, 2, 3) and they must satisfy the commutation relations[
Xˆµ , Xˆν
]
= i ℓ θµν 1ˆl , (1)
where ℓ is a length parameter, θµν is an anti-symmetric constant matrix and 1ˆl, the identity
operator. Putting these ideas all together, Snyder [1] published the first work considering
the space-time as being a NC one. However, Yang [2] demonstrated that Snyder’s hopes
about the disappearance of the infinities were not achieved by noncommutativity. This
fact has doomed Snyder NC theory to years of ostracism. After the string theory im-
portant result that the algebra obtained from the case of a string theory embedded in a
magnetic background is NC, a new wave concerning noncommutativity was rekindle [3].
In current days, the NC approach is also a subject discussed at the quantum gravity level
[4, 5].
One of the paths of introducing noncommutativity is through the Moyal-Weyl (or star)
product where the NC parameter, i.e. θµν , is an anti-symmetric constant. However, at
superior orders of calculations, the Moyal-Weyl product turns out to be highly nonlocal.
This fact has lead us to work with low orders in θµν . Although it maintains the transla-
tional invariance, the Lorentz symmetry is not preserved [6]. For example, in the case of
the hydrogen atom, it breaks the rotational symmetry of the model, which removes the
degeneracy of the energy levels [7].
One way to heal this problem was introduced by Doplicher, Fredenhagen and Roberts
(DFR) which have promoted the parameter θµν to the role of an ordinary coordinate of the
system [8, 9]. This so-called extended and new NC space-time has ten dimensions: four
relative to Minkowski space-time ordinary positions and six relative to θ-space. Recently,
in [10] the authors have conjectured to construct a DFR space-time extension, introducing
the conjugate canonical momentum associated with θµν [11] (for a review, the reader can
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see [12]). This new framework would be characterized by a field theory constructed in
a space-time with extra-dimensions (4 + 6). Besides, it would not need necessarily the
presence of a length scale ℓ localized into the six dimensions of the θ-space where, from
(1) we can see that θµν would have dimension of length-square (a kind of Planck area),
when we make ℓ = 1. The length scale can be introduced directly in the algebra, and
taking the limit with no such scale, the usual algebra of the commutative space-time is
recovered. Besides the Lorentz invariance was also recovered, and obviously we hope that
causality aspects in QFT in this (x+ θ) space-time must be preserved too [13].
In this approach, as we have said, the parameter θµν is also promoted to a position
operator, say θˆµν , that participate of the algebra, and it is an observable of the space-time.
In several recent works [11, 14–17], a new version of NC quantum mechanics (NCQM)
were introduced, where not only the coordinates xµ and their canonical momenta pµ are
considered as operators in a Hilbert space H, but also the objects of noncommutativity
θµν and their canonical conjugate momenta πµν . All these operators belong to the same
algebra and have the same hierarchical level, introducing a minimal canonical extension
of DFR formalism. This enlargement of the usual set of Hilbert space operators allows the
theory to be invariant under the rotation group SO(D), as showed in detail in Ref. [11, 16],
when the treatment is a nonrelativistic one. Rotation invariance in a nonrelativistic theory
is fundamental if one intends to describe any physical system in a consistent way. It was
demonstrated in a precise way that in fact the DFR formalism has a momentum associated
with θµν . In the present work we essentially consider the second quantization of the model
discussed in Ref [14], showing that the extended Poincare´ symmetry here is generated via
generalized Heisenberg relations, giving the same algebra displayed in [14, 15].
Although we have constructed a NC DFR Klein-Gordon equation [18] with a source
term, an effective action using the Green functions was completely calculated in [13]. The
DFR NC model of scalar field with self-interaction φ4 was proposed in order to investigate
the divergences at the one loop [19].
The organization of the present paper follows that in section II we have described the
DFR formalism. In section III we have analyzed the charged Klein-Gordon and Dirac
equations. We have introduced new forms and constructions concerning the Gamma
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matrices in DFR formalism. These new constructions complement those ones given in
[16]. In section IV we have discussed of the Dirac action. In section V we have dealt
with the field equations and the invariants of the star-symmetry U⋆(N) in DFR space.
To complete this analysis, in section 6, we have introduced the propagators of both gauge
and fermionic fields. the DFR diagrams for the propagators were described in detail. The
conclusions and perspectives for future works, as always, are depicted in the final section.
II. THE DFR ALGEBRA IN A NUTSHELL
In this section, we will review the main steps published in [11, 14–16, 20]. Namely, we
will revisit the basics of the quantum field theory defined in the DFR space. As we have
said before, in DFR formalism the parameters θµν are promoted to coordinate-operator
in this space-time, which has D = 10, it has six independents spatial coordinates, which
are, θµν = (θ01, θ02, θ03, θ12, θ13, θ23). Consequently, the coordinate θµν are promoted to
quantum observables θˆµν in the commutation relation (1). So we have the DFR algebra
[8] [
Xˆµ, Xˆν
]
= i Θˆµν ,
[
xˆµ, Θˆνα
]
= 0 and
[
Θˆµν , Θˆαβ
]
= 0 . (2)
Moreover there exist the canonical conjugate momenta operator Kˆµν associated1 with the
operator Θˆµν , and they must satisfy the commutation relation[
Θˆµν , Kˆρσ
]
= i 1lµνρσ 1ˆl , (3)
where 1lµνρσ = 1
2
(ηµρηνσ − ηµσηνρ) is the anti-symmetrized identity matrix, and ηµν =
diag(1,−1,−1,−1) is the Minkowski metric. In order to obtain consistency we can write
that [11] [
Xˆµ, Pˆ ν
]
= i ηµν 1ˆl ,
[
Pˆ µ, Pˆ ν
]
= 0 ,
[
Θˆµν , Pˆ ρ
]
= 0 ,[
Pˆ µ, Kˆνρ
]
= 0 , [Xˆµ, Kˆνρ] = −
i
2
1lνρµσPˆσ , (4)
1 The standard notation to represent the momentum is πµν but, for future “to-avoid-confusion” conve-
nience, we will use from now on, Kˆµν .
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and these relations complete the DFR extended algebra2. It is possible to verify that (2.1)-
(2.3) commutation relations listed above are indeed consistent with all possible Jacobi
identities and the CCR algebras [13].
The uncertainty principle from (1) is modified by
∆Xˆµ∆Xˆν ≃ 〈Θˆµν〉 , (5)
where the expected value of the operator Θˆ is related to the fluctuation position of the
particles, an it has dimension of length-squared.
The last commutation relation in Eq. (4) suggests that the shifted coordinate operator
[7, 21–25]
ξˆµ = Xˆµ +
1
2
ΘˆµνPˆν , (6)
commutes with Kˆµν . The relation (6) is also known in the algebraic literature as Bopp
shift. The commutation relation (2) also commutes with Θˆµν and ξˆµ, and satisfies a non
trivial commutation relation with Pˆ µ dependent objects, which could be derived from
[ξˆµ, Pˆ ν] = i ηµν 1ˆl , [ξˆµ, ξˆν] = 0 , (7)
and we can note that the property Pˆµξˆ
µ = PˆµXˆ
µ is easily verified. Hence, we can see
from these both equations that the shifted coordinated operator (6) allows us to recover
the commutativity. The shifted coordinate operator ξˆµ plays a fundamental role in NC
quantum mechanics defined in the (x+ θ)-space [11], since it is possible to form a basis
with its eigenvalues. So, differently from Xˆµ, we can say that ξˆµ forms a basis in Hilbert
space. The framework showed above demonstrated that in NCQM, the physical coordi-
nates do not commute and the respective eigenvectors cannot be used to form a basis in
H = H1 ⊕H2 [14]. This can be accomplished with the Bopp shift defined in (6) with (7)
as consequence.
The Lorentz generator group is
Mˆµν = ξˆµPˆν − ξˆνPˆµ + ΘˆνρKˆ
ρ
µ − ΘˆµρKˆ
ρ
ν , (8)
2 Here we have adopted that c = ~ = ℓ = 1, where the θ-coordinate has area dimension.
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and from (4) we can write the generators for translations as Pˆµ → −i∂µ . With these
ingredients it is easy to construct the commutation relations[
Pˆµ, Pˆν
]
= 0 ,[
Mˆµν , Pˆρ
]
= i
(
ηµρ Pˆν − ηνρ Pˆµ
)
,[
Mˆµν , Mˆρσ
]
= i
(
ηµσMˆρν − ηνσMˆρµ − ηµρMˆσν + ηνρMˆσµ
)
, (9)
which closes the proper algebra. We can say that Pˆµ and Mˆµν are the DFR algebra
generators.
An important point in DFR algebra issue is that the Weyl representation of NC oper-
ators obeying the commutation relations keeps the usual form of the Moyal product. In
this case, the Weyl map is represented by
Wˆ(f)(Xˆ, Θˆ) =
∫
d4p
(2π)4
d6k
(2πλ−2)6
f˜(p, k) eipµXˆ
µ+ i
2
kµν ·Θˆµν . (10)
The Weyl symbol provides a map from the operator algebra to the functions algebra
equipped with a star-product, via the Weyl-Moyal correspondence
fˆ(Xˆ, Θˆ) gˆ(Xˆ, Θˆ) ←→ f(x, θ) ⋆ g(x, θ) , (11)
where the star-product ⋆ is defined by
f(x, θ) ⋆ g(x, θ) = e
i
2
θµν∂µ∂′νf(x, θ) g(x′, θ)
∣∣∣
x′=x
, (12)
for any arbitrary functions f and g of the coordinates (xµ, θµν). Namely, in both sides of
Eq. (12) we have that f and g are NC objects since they depend on θµν .
The Weyl operator (10) has the trace property considering a product of n NC functions
(f1, ..., fn)
Tr
[
Wˆ(f1)...Wˆ(fn)
]
=
∫
d4x d6θ W (θ) f1(x, θ) ⋆ ... ⋆ fn(x, θ) . (13)
The function W is a Lorentz invariant θ-integration measure. This weight function is
introduced in the context of NC field theory to control divergences of the integration in
the θ-space [10, 26, 28, 29]. Theoretically speaking, it would permit us to work with series
expansions in θ, i.e., with truncated power series expansion of functions of θ. For any
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large θµν it falls to zero quickly so that all integrals are well defined, in its definitions the
normalization condition was assumed when integrated in the θ-space. The function W
should be an even function of θ, that is, W (−θ) = W (θ) which implies that an integration
in θ-space be a Lorentz invariant. All the properties involving theW -function can be seen
in details in [10, 26, 28, 29]. However, we have to say that the role of the W -function
in NC issues is not altogether clear among the NC community. By the definition of the
Moyal product (12) it is trivial to obtain the property∫
d4x d6θ W (θ) f(x, θ) ⋆ g(x, θ) =
∫
d4x d6θ W (θ) f(x, θ) g(x, θ) . (14)
The physical interpretation of the average of the components of θµν , i.e. 〈θ2〉, is the
definition of the NC energy scale [26]
ΛNC =
(
12
〈θ2〉
)1/4
=
1
λ
, (15)
where λ is the fundamental length scale that appears in the Klein-Gordon (KG) equation
(18) and in the dispersion relation (21) just below. This approach has the advantage of
being unnecessary in order to specify the form of the function W , at least for lowest-order
processes. The study of Lorentz-invariant NC QED, as Bhabha scattering, dilepton and
diphoton production to LEP data led the authors of [27, 28] to determine the bound
ΛNC > 160 GeV 95% C.L. . (16)
III. FIELD THEORY IN DFR SPACE: KLEIN-GORDON AND DIRAC EQUA-
TIONS
The first element of the algebra (9) that commutes with all the others generators Pˆ µ
and Mˆµν is given by Cˆ1 = PˆµPˆ
µ + λ
2
2
KˆµνKˆ
µν . This is the first Casimir operator of
the algebra (9). Using the coordinate representation, the operators Pˆ µ and Kˆµν can be
written in terms of the derivatives
Pˆµ 7−→ −i∂µ and Kˆµν 7−→ −i
∂
∂θµν
, (17)
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and consequently, the first Casimir operator in the on-shell condition leads us to the KG
equation in DFR space concerning the scalar field φ
(
✷+ λ2✷θ +m
2
)
φ(x, θ) = 0 , (18)
where we have defined ✷θ =
1
2
∂µν ∂µν and ∂µν :=
∂
∂θµν
. The plane wave general solution
for the DFR KG equation is the Fourier integral
φ(x, θ) =
∫
d4p
(2π)4
d6k
(2πλ−2)6
φ˜(p, kµν) exp
(
ipµx
µ +
i
2
kµνθ
µν
)
. (19)
The length λ−2 is introduced conveniently in the k-integration to maintain the field di-
mension as being length inverse. Consequently, the k-integration keeps dimensionless.
Substituting the wave plane solution (19), we obtain the invariant mass
p2 +
λ2
2
kµνk
µν = m2 , (20)
where λ is the parameter with length dimension defined before, it is a Planck-type length.
We can define the components of the k-momentum kµν = (−k,−k˜) and kµν = (k, k˜), to
obtain the DFR dispersion relation
ω(p,k, k˜) =
√
p2 + λ2
(
k2 + k˜2
)
+m2 , (21)
where k˜i is the vector connected to the components kij, that is, kij = ǫijkk˜k (i, j, k =
1, 2, 3). It is easy to see that, using the limit λ→ 0 in Eqs. (18)-(21) we can recover the
commutative expression [13]. Since we have constructed the NC KG equation, we will
now show its relative action. We will use the definition of the Moyal-product (12) to write
the action for a free complex scalar field in DFR scenario as being
SKG(φ
∗, φ) =
∫
d4x d6θW (θ)
(
∂µφ
∗ ⋆ ∂µφ+
λ2
2
∂µνφ
∗ ⋆ ∂µνφ−m2φ∗ ⋆ φ
)
, (22)
and using the identity (14), this free action can be reduced to the usual one
SKG(φ
∗, φ) =
∫
d4x d6θW (θ)
(
|∂µφ|
2 +
λ2
2
|∂µνφ|
2 −m2 |φ|2
)
. (23)
where all the products are the usual ones.
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It is easy to show that the DFR Dirac equation can be deduced from the square root
of the DFR KG equation, so we can write the field equation [15](
iγµ∂µ +
iλ
2
Γµν∂µν −m
)
ψ(x, θ) = 0 , (24)
where γµ’s are the ordinary Dirac matrices, and they satisfy the usual relations
{γµ, γν} = 2 ηµν . (25)
The matrices Γµν are six matrices 4 × 4 which, by construction, they must be anti-
symmetric, i.e., Γµν = −Γνµ. We can write the matrices Γµν in terms of Dirac matrices-γ
by means of the commutation relation
Γµν :=
i
2
[ γµ, γν ] , (26)
where we can show that the anti-commutation relations are given by
{γµ,Γνρ} = iηµργν − iηµνγρ + Γµνγρ − Γµργν and{
Γµν ,Γρλ
}
= γργµηνλ + γλγνηµρ − γλγµηνρ − γργνηµλ , (27)
and the hermiticity property of Γµν is the same as γµ, i.e., (Γµν)† = γ0Γµνγ0. Using
these relations, the Dirac equation (24) leads us to DFR Klein-Gordon equation. The
components of Γµν = (Γ0i,Γij) can be written in terms of the Pauli matrices as
Γ0i = i

 0 σi
σi 0

 , Γij =

 ǫijkσk 0
0 ǫijkσk

 , i, j = 1, 2, 3 . (28)
which complements the results obtained in [15].
It can be shown that the connection between the Dirac equation and its adjoint equa-
tion can lead us to a conservation law
∂µJ
µ +
λ
2
∂µνJ
µν = 0 , (29)
where Jµ := ψ¯ γµ ⋆ ψ, and J µν := ψ¯ Γµν ⋆ ψ are the currents that emerge from the DFR
Dirac equation. By integrating the expression (29) considering the whole space (x + θ),
the Dirac field charge ψ†ψ is conserved, as the commutative usual case. Notice that the
new current term ψ¯ Γµν ⋆ψ has the generator of the rotational group attached to it. In the
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next section we will investigate the coupling of this current with the gauge fields, which
can be an interesting study of the Yang-Mills model in DFR phase-space.
The DFR action for the Dirac field is
SDirac(ψ¯, ψ) =
∫
d4x d6θW (θ) ψ¯(x, θ) ⋆
(
iγµ∂µ +
iλ
2
Γµν∂µν −m
)
ψ(x, θ) , (30)
which, using the identity (12) can be reduced to
SDirac(ψ¯, ψ) =
∫
d4x d6θW (θ) ψ¯(x, θ)
(
iγµ∂µ +
iλ
2
Γµν∂µν −m
)
ψ(x, θ) , (31)
which is invariant by symmetry transformations of the Poincare´ DFR algebra [15]. In the
next section we will discuss the gauge symmetries of the DFR Dirac Lagrangian.
IV. GAUGE SYMMETRY AND THE U⋆(N) ACTION
The actions of the complex scalar and Dirac field are invariant under global trans-
formations of the fields. The invariance of the action under this global symmetry gives
rise to conserved charges, indicated by the conservation law (29). We will now discuss in
the invariance of the Dirac action under local transformations. Let us consider the local
gauge transformations for the spinors fields
Ψ(x, θ) 7−→ Ψ′(x, θ) = U(x, θ) ⋆Ψ(x, θ) , (32)
where U(x, θ) is an arbitrary matrix N ×N of the coordinates (x, θ). It must satisfy the
unitarity property
U(x, θ) ⋆ U †(x, θ) = U †(x, θ) ⋆ U(x, θ) = 1lN , (33)
and we can say that U is star-unitary, and 1lN is the identity matrixN×N . The DFR Dirac
Lagrangian is not invariant under the local transformation (32). To obtain such invariance,
we must replace both derivatives ∂µ and λ∂µν by the following covariant derivatives
∂µ 7−→ Dµ⋆ = ∂µ + igAµ ⋆
λ ∂µν 7−→ Dµν⋆ = λ ∂µν + ig
′Bµν⋆ , (34)
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and the NC Dirac Lagrangian is
LDirac−gauge = Ψ¯(x, θ) ⋆
(
iγµDµ ⋆+
i
2
ΓµνDµν ⋆−m
)
Ψ(x, θ) . (35)
The first one is the usual covariant derivative with a star-product, while Dµν⋆ is a new
anti-symmetric star-covariant derivative associated with the θ-space Consequently, the
new field Bµν is an anti-symmetric tensor field (Bµν = −Bνµ). It has six independent
components, i.e. Bµν = (B0i, Bij), where i, j = {1, 2, 3}, which defines the tensor field in
the (x+ θ)-space. The notation Dµ⋆ indicates a star-product between Aµ and the Dirac
spinor, which does also occur within the covariant derivative Dµν⋆ case. For convenience
we have introduced the coupling constants g, and g′ associated with the θ-space. To
complete such invariance, we must impose the DFR star-gauge transformations
Aµ(x, θ) 7−→ A
′
µ(x, θ) = U(x, θ) ⋆ Aµ(x, θ) ⋆ U
†(x, θ)−
i
g
(∂µU) ⋆ U
†(x, θ) ,
Bµν(x, θ) 7−→ B
′
µν(x, θ) = U(x, θ) ⋆ Bµν(x, θ) ⋆ U
†(x, θ)−
i
g′
(λ∂µνU) ⋆ U
†(x, θ) . (36)
Note that (33) implies that U † is equal to U−1 with respect to the star-product upon
the deformed algebra of functions on space-time. In general, it is not true for θ 6= 0, in
which U † 6= U−1. An explicit relation between both U † and U−1 can be obtained by the
series of the star product, that can be written as
U † = U−1 +
i
2
θµν U−1 ∂µU U
−1 ∂νU U
−1 +O(θ2) . (37)
Due to the property (f ⋆ g)† = g† ⋆ f †, the Moyal product f ⋆ g of two unitary matrix
fields is always unitary and the group U⋆(N) is closed under the star-product. The special
unitary group SU(N) does not give rise to any gauge group in the NC space-time, because
in general det(f ⋆g) 6= det(f)⋆det(g), and consequently, det(U ⋆ U †) 6= det(U) ⋆ det(U †),
that is, detU 6= 1.
In the opposite case, relative to the commutative case, U⋆N(1) and SU
⋆(N) are sectors
of the decomposition U⋆(N) = U⋆N(1)×SU
⋆(N) do not decouple because the gauge fields
of U⋆N (1) interacts with the gauge fields of SU
⋆(N). We represent the U -function of U⋆(N)
as the ⋆-product
U(x, θ) = eiα(x,θ) 1lN ⋆ eit
aωa(x,θ) , (38)
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where α, ωa are arbitrary real functions of (x, θ) associated with the NC Abelian sub-
group U⋆N (1) and with the NC non-Abelian subgroup SU
⋆(N), respectively, and ta (a =
1, 2, · · · , N2 − 1) are the traceless generators of the Lie algebra of the subgroup SU⋆(N).
The fields (Aµ, Bµν) are hermitian gauge fields of the star unitary group U⋆(N) defined
in the DFR NC space-time scenario. They can be expanded in terms of the Lie algebra
generators of U⋆(N) as Aµ = A
0
µ 1lN+A
a
µt
a and Bµν = B
0
µν 1lN+B
a
µνt
a, with trN(t
atb) = δab,
a, b = 1, ..., N2 − 1, by obeying the Lie algebra commutation relation
[
ta, tb
]
= ifabctc,
and the anti-commutation algebra
{
ta, tb
}
= dabctc. The constants fabc and dabc are the
structure constants of the Lie algebra. The fields A0µ and B
0
µν come from the Abelian part
of the group U⋆(N), while the components Aaµ and B
a
µν are attached to the non-Abelian
part of U⋆(N). Here, the generators ta live in the adjoint representation of the U⋆(N)
gauge group, and trN denotes the matrix trace. Notice that in the fermionic sector, the
spinor field is the column matrix whose components are Ψ = (ψ1, ψ2, · · ·, ψN) that live
in the basic representation of the Lie algebra. An important issue is that expressions
in NC gauge theory involve the enveloping algebra of the underlying Lie Group. The
components A 0µ and A
a
µ have the infinitesimal gauge transformation from (36)
A′ 0µ = A
0
µ + i
[
α(x, θ), A0µ
]
⋆
+ g−1∂µα(x, θ) ,
A′ aµ = A
a
µ − [ω(x, θ), Aµ]
a
⋆ + i
[
α(x, θ), Aaµ
]
⋆
+ i
[
ωa(x, θ), A0µ
]
⋆
+ g−1∂µω
a(x, θ) , (39)
and for Bµν , we can have that
B′ 0µν = B
0
µν + i
[
α(x, θ), B0µν
]
⋆
+ g′−1λ∂µνα(x, θ) ,
B′ aµν = B
a
µν − [ω(x, θ), Bµν ]
a
⋆ + i
[
α(x, θ), Baµν
]
⋆
+ i
[
ωa(x, θ), B0µν
]
⋆
+ g′ −1λ∂µνω
a(x, θ) .
(40)
Using the Moyal product properties, the commutator [ω,Aµ]
a
⋆ is given by the combination
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of the cosine and sine series
[ω(x, θ), Aµ(x, θ)]
a
⋆ = f
abc cos
(
θαβ
2
∂α∂
′
β
)
ωb(x, θ)Acµ(x
′, θ)
∣∣∣∣
x′=x
+dabc sin
(
θαβ
2
∂α∂
′
β
)
ωb(x, θ)Acµ(x
′, θ)
∣∣∣∣
x′=x
, (41)
and the analogous to the case of [ω,Bµν]
a
⋆. The simplest commutator
[
α,A 0µ
]
⋆
is just
the trigonometric sine part of (41), with fabc = 0 and dabc = 1, that goes to zero in the
commutative limit.
The Fµν tensor associated with the Aµ field is defined as the star commutation relation
[Dµ, Dν ]⋆ = ig Fµν , (42)
where
Fµν = ∂µAν − ∂νAµ + ig [Aµ, Aν ]⋆ , (43)
and it has the gauge transformation
Fµν 7−→ F
′
µν = U(x, θ) ⋆ Fµν ⋆ U
†(x, θ) . (44)
It is easy to verify that the Fµν tensor is Lie algebra valued of U
⋆(N) as Fµν = F
0
µν1lN +
F aµν t
a, where the components are given by
F 0µν = ∂µA
0
ν − ∂νA
0
µ + ig
[
A0µ, A
0
ν
]
⋆
,
F aµν = ∂µA
a
ν − ∂νA
a
µ −
1
2
g fabc
{
Abµ, A
c
ν
}
⋆
+ ig
[
A0µ, A
a
ν
]
⋆
+ ig
[
Aaµ, A
0
ν
]
⋆
+
i
2
g dabc
[
Abµ, A
c
ν
]
⋆
. (45)
These components can be understood as the NC electromagnetic field tensor F 0µν , and
the Yang-Mills tensor F aµν defined in the NC space-time DFR. Analogously, we obtain the
field strength tensor of Bµν by calculating the star commutation relation
[Dµν , Dσρ]⋆ = ig
′Gµνρσ , (46)
where the components of G are
G0µνρσ = λ∂µνB
0
ρσ − λ∂ρσB
0
µν + ig
′
[
B0µν , B
0
ρσ
]
⋆
Gaµνρσ = λ∂µνB
a
ρσ − λ∂ρσB
a
µν −
1
2
g′ fabc
{
Bbµν , B
c
ρσ
}
⋆
+ig′
[
B0µν , B
a
ρσ
]
⋆
+ ig′
[
Baµν , B
0
ρσ
]
⋆
+
i
2
g′ dabc
[
Bbµν , B
c
ρσ
]
⋆
. (47)
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It has the anti-symmetric properties
Gµνρσ = −Gνµρσ = −Gµνσρ = Gνµσρ = −Gρσµν , (48)
and the gauge transformation
Gµνρσ 7−→ G
′
µνρσ = U(x, θ) ⋆ Gµνρσ ⋆ U
†(x, θ) . (49)
From (44) and (49), the infinitesimal transformations of the components of Fµν and Gµνρσ
are given by
F 0µν 7−→ F
0 ′
µν = F
0
µν + i [α, F
0
µν ]⋆ ,
F aµν 7−→ F
a ′
µν = F
a
µν −
1
2
fabc
{
ωb, F cµν
}
⋆
+ i
[
α, F aµν
]
⋆
+
+i
[
ωa, F 0µν
]
⋆
+ i dabc
[
ωb, F cµν
]
⋆
,
G0µνρσ 7−→ G
0 ′
µνρσ = G
0
µνρσ + i [α,G
0
µνρσ]⋆ ,
Gaµνρσ 7−→ G
a ′
µνρσ = G
a
µνρσ −
1
2
fabc
{
ωb, Gcµνρσ
}
⋆
+ i
[
α,Gaµνρσ
]
⋆
+
+i
[
ωa, G0µνρσ
]
⋆
+ i dabc
[
ωb, Gcµνρσ
]
⋆
. (50)
Therefore we have a Lagrangian for the gauge fields which is invariant under the trans-
formations (44) and (49)
Lgauge = −
1
4
trN (Fµν ⋆ F
µν)−
1
4
trN (Gµνρσ ⋆ G
µνρσ)−
1
2
trN
(
Fµν ⋆ G
µρν
ρ
)
. (51)
Analogously, this invariance can be applied to the KG Lagrangian of (22) by substituting
the ordinary derivatives ∂µ and ∂µν , by the covariant derivatives Dµ and Dµν , respectively,
we can write
LKG−gauge = trN
(
DµΦ
† ⋆ DµΦ
)
+
1
2
trN
(
DµνΦ
† ⋆ DµνΦ
)
−m2 trN
(
Φ† ⋆ Φ
)
, (52)
where the scalar field Φ represents a multiplet of N complex scalar fields, namely, Φ =
(φ1, φ2, · · · , φN).
The DFR version of a quantum electrodynamics (QED) is represented by the group
U⋆(1), with N = 1, where we have just one field Aµ and the anti-symmetric Bµν . The
gauge transformations are analogous to (36) and (44), with U(x, θ) = ei 1lα(x,θ), which
obeys the Moyal product series
U(x, θ) = 1 + iα(x, θ) +
i2
2!
α(x, θ) ⋆ α(x, θ) +O(α3) . (53)
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The expressions of the DFR electromagnetic tensors can be obtained by making both
fabc = 0 and dabc = 1 in (45) and (47). By redefining A0µ = Aµ, B
0
µν = Bµν and the
coupling constants g = e, g′ = e′, we obtain
Fµν = ∂µAν − ∂νAµ + ie [Aµ, Aν ]⋆ ,
Gµνρσ = λ∂µνBρσ − λ∂ρσBµν + ie
′ [Bµν , Bρσ]⋆ , (54)
where we have achieved an invariance property for the DFR Dirac action under the local
transformations (32). To guarantee this invariance we must introduce an anti-symmetric
field Bµν (34), beyond the vector field Aµ, since these fields have the gauge transformations
(36). This new gauge anti-symmetric field is associated with the θ-space and it must to
be attached to those extra-dimensions. The NC gauge theory obtained here is reduced to
the standard case of SU(N) Yang-Mills, and the usual U(1) QED, in the commutative
limit θ = 0, and taking λ = 0 in the Lagrangian (35), (51) and (52).
In the next section we will discuss the field equations and the currents of the star-
symmetry U⋆(N) in DFR space.
V. FIELD EQUATIONS AND THE DFR ELECTROMAGNETISM
The electromagnetic and Yang-Mills field equations in DFR space-time will be com-
puted in this section. To accomplish the task, we have to find both the Dirac and gauge
Lagrangian, Eq. (35) and (51) respectively, which obey the star gauge symmetry U⋆(N)
discussed in the last section
LU⋆(N) = ψ¯i ⋆
(
iγµDµ ⋆+
i
2
ΓµνDµν ⋆−m
)
ij
ψj −
1
4
F0µν ⋆ F
µν
0 −
1
4
G0µνρσ ⋆ G
µνρσ
0
−
1
2
F0µν ⋆ G
µρν
0 ρ −
1
4
F aµν ⋆ F
µνa −
1
4
G aµνρσ ⋆ G
µνρσa −
1
2
F aµν ⋆ G
µρν a
ρ ,
(55)
where we have calculated the traces present in Eq. (51). In the sector of the gauge fields
we have naturally the NC Maxwell Lagrangian and the Lagrangian of the NC Yang-Mills
field. We treat (Aµ0 , A
µa) and (Bµν0 , B
µνa) as independent fields to obtain the NC field
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equations. Using the principle of the minimal action associated with the Lagrangian (55),
with respect to Aµ0 , we can obtain the NC Maxwell’s equations in the presence of a source
∇0µ ⋆ F
µν
0 +∇0µ ⋆ G
µρν
0 ρ = g J
ν
0 , (56)
where the covariant derivative ∇0µ acting on strength field tensors is defined by
∇0µ ⋆ F
µν
0 := ∂µF
µν
0 − g [A0µ, F
µν
0 ]⋆ . (57)
The tensor F0µν must obey the Bianchi identity
∇0µ ⋆ F0νρ +∇0ν ⋆ F0ρµ +∇0ρ ⋆ F0µν = 0 , (58)
which completes the equations for the NC electromagnetism. The field equations for the
B0µν tensor fields are auxiliary equations that emerge exclusively from the NC θ extra-
dimensions
∇0µν ⋆ G
µνρσ
0 −
1
2
(
∇ ρµ ⋆ F
µσ
0 −∇
σ
µ ⋆ F
µρ
0
)
=
1
2
g′J ρσ0 , (59)
where the anti-symmetric covariant derivative ∇0µν is defined by
∇0µν ⋆ G
µνρσ
0 := λ ∂µνG
µνρσ
0 − g
′ [B0µν , G
µνρσ
0 ]⋆ . (60)
The current J µ0 is the classical source of the fermion field, that is, J
µ
0 = ψ¯γ
µ ⋆ ψ. The
anti-symmetric current J µν0 , as it was showed in the earlier section, is the source for the
classical fermion field attached to the generator spin, J µν0 = ψ¯Γ
µν ⋆ ψ. This fact is due
to the extra-dimension of the NC space-time. When the NC parameter goes to zero, the
usual current J µ0 for the QED is recovered, while the new current J
µν
0 is automatically
zero. From the Eqs. (56) and (59), we can obtain the conservation law
∇0µ ⋆ J
µ
0 +
1
2
∇0µν ⋆ J
µν
0 = 0 , (61)
which expresses the electric charge covariant conservation.
Analogously, the sector SU⋆(N) from the Lagrangian (55), gives us the NC Yang-Mills
field
∇µ ⋆ F
µνa +∇µ ⋆ G
µρν a
ρ = g J
νa , (62)
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where the covariant derivative here ∇µ differ from ∇0µ by the commutator in the adjoint
representation
∇µ ⋆ F
µνa := ∂µF
µνa − g [Aµ, F
µν ]a⋆ , (63)
where this commutator is defined by
[Aµ, F
µν ]a⋆ := f
abc cos
(
θαβ
2
∂α∂
′
β
)
Abµ(x, θ)F
µνc(x′, θ)
∣∣∣∣
x′=x
+ dabc sin
(
θαβ
2
∂α∂
′
β
)
Abµ(x, θ)F
µνc(x′, θ)
∣∣∣∣
x′=x
. (64)
It is not difficult to see that the Bianchi identity is valid too, namely,
∇µ ⋆ F
a
νρ +∇ν ⋆ F
a
ρµ +∇ρ ⋆ F
a
µν = 0 . (65)
The field equation of Bµνa is given by
∇µν ⋆ G
µνρσa −
1
2
(
∇ ρµ ⋆ F
µσa −∇ σµ ⋆ F
µρa
)
=
1
2
g′J ρσa , (66)
where ∇µν is the covariant derivative
∇µν ⋆ G
µνρσa := λ ∂µνG
µνρσa − g′ [Bµν , G
µνρσ]a⋆ , (67)
and this commutator is similar to expression (64). The non-Abelian currents of the
previous equations are
Jµa(x, θ) = ψ¯i(x, θ)γ
µ (ta)ij ⋆ ψj(x, θ) , (68)
and the anti-symmetric current is
J µνa(x, θ) = ψ¯i(x, θ)Γ
µν (ta)ij ⋆ ψj(x, θ) , (69)
which obeys the continuity equation
∇µ ⋆ J
µa +
1
2
∇µν ⋆ J
µνa = 0 . (70)
Hence, we have obtained, separately, the field equations of the NC subgroups U⋆(1)
and SU⋆(N) of U⋆(N). The DFR Yang-Mills field equations bring a new result in DFR
literature, and we can reobtain the DFR electromagnetism classical field equations. In
this case, we can make fabc = 0 and dabc = 1 in the non-Abelian equations of SU⋆(N) to
obtain the correspondents equations of the subgroup U⋆(1).
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VI. PROPAGATORS IN THE DFR SPACE-TIME
In this section we will discuss the quantum aspects of the new (in DFR formalism)
Lagrangian in Eq. (55) in order to compute the propagators of both gauge and fermion
fields. The quantization of the model has made us to introduce gauge fixing terms and
ghost fields ηa associated with the NC non-Abelian gauge field in (55)
LU⋆(N) + Lgf + Lghosts = ψ¯i ⋆
(
iγµDµ ⋆+
i
2
ΓµνDµν ⋆−m
)
ij
ψj
−
1
4
F0µν ⋆ F
µν
0 −
1
2ξ0
(∂µA
µ
0 ) ⋆ (∂νA
ν
0 )
−
1
4
G0µνρσ ⋆ G
µνρσ
0 −
1
2α0
(∂µνB
µν
0 ) ⋆ (∂ρσB
ρσ
0 )−
1
2
F0µν ⋆ G
µρν
0 ρ
−
1
4
F aµν ⋆ F
µνa −
1
2ξ
(∂µA
µa) ⋆ (∂νA
νa)
−
1
4
G aµνρσ ⋆ G
µνρσa −
1
2α
(∂µνB
µνa) ⋆ (∂ρσB
ρσa)−
1
2
F aµν ⋆ G
µρν a
ρ
+η¯ a ⋆ ∂µD
µη a + η¯ a ⋆
λ
2
∂µνD
µνη a , (71)
where (ξ0, α0, ξ, α) are real parameters. The ghost fields η = η
ata and η¯ = η¯ata have the
local transformation in the adjoint representation of the star gauge group given by
η 7−→ η′ = U(x, θ) ⋆ η ⋆ U †(x, θ) and η¯ 7−→ η¯′ = U(x, θ) ⋆ η¯ ⋆ U †(x, θ) . (72)
The covariant derivatives that act on the ghost field are defined by
Dµη
a = ∂µη
a − g [Aµ, η]
a
⋆ and Dµνη
a = λ ∂µνη
a − g′ [Bµν , η]
a
⋆ , (73)
where these commutator is like the ones in (64). The quantum action of the model is
defined by the integration of the Lagrangian (71) through the volume of the (x+θ)-space-
time
SQuantum =
∫
d4x d6θ W (θ)
(
LU⋆(N) + Lgf + Lghosts
)
, (74)
which can be written as the sum of the free part with the interaction terms, that is,
SQuantum = S0 + Sint, where the free part can be simplified using the identity (14).
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Therefore the free part of the action given by (74) is
S0 =
∫
d4x d6θ W (θ)
[
ψ¯i
(
iγµ∂µ +
iλ
2
Γµν∂µν −m
)
ij
ψj
−
1
4
(∂µA0ν − ∂νA0µ)
2 −
1
2ξ0
(∂µA
µ
0 )
2
−
λ2
4
(∂µνB0ρσ − ∂ρσB0µν)
2 −
λ2
2α0
(∂µνB
µν
0 )
2
−
λ
2
(∂µνB
ρν
0 − ∂
ρνB0µν) (∂
µA0ρ − ∂ρA
µ
0 )
−
1
4
(
∂µA
a
ν − ∂νA
a
µ
)2
−
1
2ξ
(∂µA
µa)2 −
λ2
4
(
∂µνB
a
ρσ − ∂ρσB
a
µν
)2
−
λ2
2α
(∂µνB
µνa)2
−
λ
2
(
∂µνB
ρνa − ∂ρνBaµν
) (
∂µAaρ − ∂ρA
µa
)
+ η¯a
(
✷+
λ2
2
✷θ
)
ηa
]
. (75)
To obtain the propagators, it is convenient to write the previous action in momentum
space. Using the Fourier integrals for both gauge and fermions fields, analogous to the
scalar case in (19), we have the action S0 that can be written as
S0 =
∫
d4p
(2π)4
d6k
(2πλ−2)6
d6k′
(2πλ−2)6
e−
λ4
4
(k+k′)2 ×
×
{
u¯(p, k)
(
γµpµ +
λ
2
Γµνk′µν −m
)
u(p, k′)
−v¯ a(p, k)
[
p2 +
λ2
2
(k · k′)
]
v a(p, k′)
+
1
2
a
µ
0 (p, k)
[
ηµν p
2 +
(
1
ξ0
− 1
)
pµ pν
]
a ν0 (p, k
′)
+
λ2
2
b
ρλ
0 (p, k)
[
1lρλσκ (k · k
′) +
(
1
α0
− 1
)
kρλ k
′
σκ
]
b σκ0 (p, k
′)
+
λ
4
a
µ
0 (p, k) p
α
(
ηµσk
′
ακ − ηµκk
′
ασ − ηασk
′
µκ + ηακk
′
µσ
)
b σκ0 (p, k
′)
+
λ
4
b
ρλ
0 (p, k) p
α (ηνρkαλ − ηνλkαρ − ηαρkνλ + ηαλkνρ) a
ν
0 (p, k
′)
+
1
2
aµa(p, k)
[
ηµν p
2 +
(
1
ξ
− 1
)
pµ pν
]
aνa(p, k′)
+
λ2
2
bρλa(p, k)
[
1lρλσκ (k · k
′) +
(
1
α
− 1
)
kρλ k
′
σκ
]
bσκa(p, k′)
+
λ
4
aµa(p, k) pα
(
ηµσk
′
ακ − ηµκk
′
ασ − ηασk
′
µκ + ηακk
′
µσ
)
bσκa(p, k′)
+
λ
4
bρλa(p, k) pα (ηνρkαλ − ηνλkαρ − ηαρkνλ + ηαλkνρ) a
νa(p, k′)
}
, (76)
where 1lρλσκ is the anti-symmetrized identity matrix previously defined in the first section,
and u, v, aµ0 , a
µa, bµν0 , b
µνa are Fourier transforms of the fermions, ghosts and gauge fields,
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respectively. For both fermionic and ghost sectors, the propagators are given by the
inverse of their kinetic terms, so we have that
〈u¯(p, k) u(p, k′)〉=(2π)4δ(4)(p− p′)
i
γµpµ +
λ
2
Γµνk ′µν −m
,
〈v¯ a(p, k) v b(p, k′)〉=
−i δab
p2 + λ
2
2
(k · k′)
. (77)
In the gauge fields sector, we consider (a µ0 , b
µν
0 ) and (a
µa, bµνa) as independent fields, so
that the result of the propagators for NC non-Abelian gauge fields is similar to the NC
Abelian one. We can write the Abelian part (a µ0 , b
µν
0 ) of (76) in the matrix form
1
2
(
a
µ
0 b
ρλ
0
) p2 (Pµν + ξ−1Tµν) Qµσκ(p, k′)
Qνρλ(p, k) λ
2 (k · k′) (Mρλσκ + α
−1Nρλσκ)



 a ν0
b σκ0

 , (78)
and the projectors P , T , M and N are defined by
Pµν(p) = ηµν −
pµpν
p2
, Tµν(p) =
pµpν
p2
,
Mµνρλ(k, k
′) = 1lµνρλ −
kµνk
′
ρλ
k · k′
, Nµνρλ(k, k
′) =
kµνk
′
ρλ
k · k′
, (79)
and the matrix element Q is
Qµσκ(p, k) =
λ
2
pα (ηµσkακ − ηµκkασ − ηασkµκ + ηακkµσ) , (80)
where we can observe that it is anti-symmetrized in the index (σ, κ). The contraction
kµνk
µν′ has been simplified by the scalar product k · k′ using a short notation. It is easy
to show that the projectors satisfy the relations
PµνP
µρ = P ρν , TµνT
µρ = T ρν , MµναβM
αβ
ρλ = Mµνρλ ,
Nµναβ N
αβ
ρλ = Nµνρλ , Pµσ Q
σ
νρ = Qµνρ , Q
µαβ Mαβνρ = Q
µ
νρ ,
Pµν T
νρ = MµναβN
αβ
ρλ = PµνN
µν
ρσ = TµνN
µν
ρσ = TµσQ
σ
νρ = Q
µαβNαβνρ = 0 , (81)
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and the possible contractions that comprises Q will be given by
Qµσκ(p, k
′)Q σκν (p, k) =
λ2
2
p2 (k · k′) Nµανβ
(
P αβ − T αβ
)
,
Qαµν(p, k)Q
α
ρσ(p, k
′) =
λ2
4
p2 (k · k′)
[
ηµρT
αβNανβσ − ηµσT
αβNανβρ
−ηνρT
αβNαµβσ + ηνσT
αβNαµβρ + T
α
µ Nσναρ
−T αν Nσµαρ − T
α
µ Nρνασ + T
α
ν Nρµασ + T
α
σ Nανµρ
−T ασ Nαµνρ − T
α
ρ Nανµσ + T
α
ρ Nαµνσ + TµρN
α
αν σ
−TµσN
α
αν ρ − TνρN
α
αµ σ + TνσN
α
αµ ρ
]
. (82)
These previous properties permit us to invert the matrix 2 × 2 in (78) to give us the
Abelian propagators fields Aµ0 and B
µν
0
〈a0µ(p, k) a0ν(p, k
′)〉 = −
i δab
p2
[
ηµν + (ξ0 − 1)
pµpν
p2
]
+
2i δab
p2
(
ηαβ − 2
pαpβ
p2
)
kµαk
′
νβ
k · k′
〈b0µν(p, k) b0ρσ(p, k
′)〉 = −
i δab
λ2(k · k′)
[
1lµνρλ + (α0 − 1)
kµνk
′
ρλ
k · k′
− 4Kµνρσ(p, k, k
′)
]
, (83)
where
Kµνρσ(p, k, k
′) := ηµρT
αβNανβσ − ηµσT
αβNανβρ − ηνρT
αβNαµβσ
+ηνσT
αβNαµβρ + T
α
µ Nσναρ − T
α
ν Nσµαρ − T
α
µ Nρνασ
+T αν Nανµσ + T
α
σ Nανµρ − T
α
σ Nαµνρ − T
α
ρ Nανµσ
+T αρ Nαµνσ + TµρN
α
αν σ − TµσN
α
αν ρ − TνρN
α
αµ σ + TνσN
α
αµ ρ , (84)
and the mixed propagator is
〈a0µ(p, k) b0σκ(p, k
′)〉 = 〈b0σκ(p, k) a0µ(p, k
′)〉 =
i
p2
Qµσκ(p, k)
λ2 (k · k′)
. (85)
For the non-Abelian gauge fields, we can obtain the propagators multiplying the previous
one by δab
〈a aµ (p, k) a
b
ν (p, k
′)〉 = −
i δab
p2
[
ηµν + (ξ − 1)
pµpν
p2
]
+
2i δab
p2
(
ηαβ − 2
pαpβ
p2
)
kµαk
′
νβ
k · k′
〈b aµν(p, k) b
b
ρσ(p, k
′)〉 = −
i δab
λ2(k · k′)
[
1lµνρλ + (α− 1)
kµνk
′
ρλ
k · k′
− 4Kµνρσ(p, k, k
′)
]
,
〈a aµ (p, k) b
b
σκ(p, k
′)〉 = 〈b aσκ(p, k) a
b
µ (p, k
′)〉 =
i δab
p2
Qµσκ(p, k)
λ2 (k · k′)
. (86)
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The interaction terms Sint in (74) are given by
Sint =
∫
d4x d6θ W (θ)
{
− g ψ¯ ⋆ γµA0µ ⋆ ψ + g ∂µA0ν [A
µ
0 , A
ν
0 ]⋆−
1
4
g2 [A0µ, A0ν ]
2
⋆
−g′ ψ¯ ⋆ ΓµνB0µν ⋆ ψ + g
′ ∂µνB0ρσ [B
µν
0 , B
ρσ
0 ]⋆ −
1
4
g′ 2 [B0µν , B0ρσ]
2
⋆
−g ∂µνB
ρν
0 [A
µ
0 , A0ρ]⋆ − g
′ ∂µA
ρ
0 [B
µν
0 , B0ρν ]⋆ +
1
2
g g′ [Aµ0 , A0ρ]⋆ [B0µν , B
ρν
0 ]⋆
+g ∂µη¯
a [A µ0 , η]⋆ +
1
2
g′ ∂µν η¯
a [B µν0 , η]⋆
−g ψ¯ ⋆ γµA aµ t
a ⋆ ψ + g ∂µA
a
ν [A
µ, Aν ]a⋆ −
1
4
g2 [Aµ, Aν ]
a
⋆ [A
µ, Aν ]a⋆
+g′ ∂µνB
a
ρσ [B
µν , Bρσ]a⋆ −
1
4
g′ 2 [Bµν , Bρσ]
a
⋆ [B
µν , Bρσ]a⋆
−g′ ψ¯ ⋆ ΓµνB aµν t
a ⋆ ψ + g ∂µη¯
a [Aµ, η]a⋆ +
1
2
g′ ∂µν η¯
a [Bµν , η]a⋆
−g ∂µνB
ρνa [Aµ, Aρ]
a
⋆ − g
′ ∂µA
ρa [Bµν , Bρν ]
a
⋆ +
1
2
g g′ [Aµ, Aρ]
a
⋆ [Bµν , B
ρν ]a⋆
}
. (87)
After a tedious computation of the vertices rules in the momentum space for example,
the 3-line vertex of the gauge field Aµa which is represented by
∂µA
a
ν
Aµb Aνc g ∂µA
a
ν [A
µ, Aν]a⋆ .
p1, k1
p2, k2 p3, k3
This 3-line vertex in the momentum space has the expression
V abc µνρ(p1, p2, p3; k1, k2, k3) = ig (2π)
4δ(4)(p1 + p2 + p3) e
−λ
4
4
(k1+k2+k3)
2
×
×
[
fabcF µνρ(p1, p2, p3; k1, k2, k3) + i d
abcGµνρ(p1, p2, p3; k1, k2, k3)
]
, (88)
where we can define the functions
F µνρ := (ηµρ pν1 − η
µν p
ρ
1) e
−λ4
(
p
µ
2
pν
3
−pν
2
p
µ
3
4
)
2
cosh
[
λ4
4
(k1 + k2 + k3)µν(p
µ
2p
ν
3 − p
ν
2p
µ
3)
]
+ (ηµν pρ2 − η
νρ p
µ
2 ) e
−λ4
(
p
µ
1
pν
3
−pν
1
p
µ
3
4
)2
cosh
[
λ4
4
(k1 + k2 + k3)µν(p
µ
1p
ν
3 − p
ν
1p
µ
3)
]
+ (ηνρ pµ3 − η
µρ pν3) e
−λ4
(
p
µ
1
pν
2
−pν
1
p
µ
2
4
)
2
cosh
[
λ4
4
(k1 + k2 + k3)µν(p
µ
1p
ν
2 − p
ν
1p
µ
2)
]
, (89)
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and
Gµνρ := (ηµρ pν1 − η
µν p
ρ
1) e
−λ4
(
p
µ
2
pν
3
−pν
2
p
µ
3
4
)
2
sinh
[
λ4
4
(k1 + k2 + k3)µν(p
µ
2p
ν
3 − p
ν
2p
µ
3 )
]
+ (ηνρ pµ2 − η
µν p
ρ
2) e
−λ4
(
p
µ
1
pν
3
−pν
1
p
µ
3
4
)2
sinh
[
λ4
4
(k1 + k2 + k3)µν(p
µ
1p
ν
3 − p
ν
1p
µ
3)
]
+ (ηνρ pµ3 − η
µρ pν3) e
−λ4
(
p
µ
1
pν
2
−pν
1
p
µ
2
4
)
2
sinh
[
λ4
4
(k1 + k2 + k3)µν(p
µ
1p
ν
2 − p
ν
1p
µ
2 )
]
. (90)
The 3-line vertex of the gauge field A µ0 can be obtained by making f
abc = 0 and dabc = 1
in (88), so we have
∂µA0ν
A
µ
0 A
ν
0 g ∂µA0ν [A
µ
0 , A
ν
0 ]⋆ ,
p1, k1
p2, k2 p3, k3
where
V 0µνρ(p1, p2, p3; k1, k2, k3) = −g (2π)
4δ(4)(p1 + p2 + p3) ×
× e−
λ4
4
(k1+k2+k3)
2
Gµνρ(p1, p2, p3; k1, k2, k3) . (91)
In the commutative limit, when λ→ 0, it can be verified that all the vertex of the gauge
field Aµa tends to the usual Yang-Mills case, and the self-interaction vertex of A µ0 goes
to zero. It is also interesting to realize that the vertex of the gauge fields B0µν and B
a
µν
which interacts with the fermions ψi.
B0µν
ψ¯i ψj
−g′ ψ¯i ⋆ Γ
µνB0µν (δij) ⋆ ψj
B aµν
ψ¯i ψj
−g′ ψ¯i ⋆ Γ
µνB aµν (t
a)ij ⋆ ψj
This is a new interaction due to both the noncommutativity, and the propagation in the
θ-space. The spin generator represented here by Γµν is coupled to an anti-symmetric
gauge fields B0µν and B
a
µν .
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VII. CONCLUSIONS AND PERSPECTIVES
In this work we believe that some new steps were provided in order to fathom the DFR
formalism which is considered in the NC literature as a possible path way to quantum
gravity. Keeping all these quantum ideas in mind, we have considered gauge Abelian and
non-Abelian fields using the recent DFR framework where the parameter that carries the
noncommutativity feature, θµν , represents independent degrees of freedom completing the
DFR D = 10 extended DFR space, which phase-space has the momentum K associated
with θ.
In this way we have started with a first quantized formalism, where θµν and its canonical
momentum Kµν are operators living in an extended Hilbert space. This structure, which
is compatible with the minimal canonical extension of the so-called DFR algebra, is also
invariant under an extended Poincare´ group of symmetry, but keeping, among others, the
usual Casimir invariant operators. After that, in a second quantized formalism scenario,
we have succeed in presenting an explicit form for the extended Poincare´ generators and
the same algebra of the first quantized description has been generated via generalized
Heisenberg relations. This is a basic point because the usual Casimir operators for the
Poincare´ group are proven to be kept, permitting to maintain the usual classification
scheme for the elementary particles. The next step in this program was to construct
the mode expansion in order to represent the fields in terms of annihilation and creation
operators, acting on some Fock space to be properly defined.
After that, in order to complete the DFR fermionic formalism given in [16] we have
constructed the Gamma matrices, its algebra and the DFR Dirac equation were also
analyzed.
These results set the stage to discuss the gauge invariance subject in DFR scenario
where star-covariant derivatives were used in order to construct the DFR gauge transfor-
mations. These ones allow us to construct DFR gauge invariant Lagrangians for the DFR
versions of the QED and Yang-Mills models. Nest, the Abelian and non-Abelian currents
were calculated. We have seen that the Maxwell and Yang-Mills came out naturally from
these DFR versions. At the same time we have seen that, as in the standard commutative
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stage, the Abelian and non-Abelian models are connected, which confirm the correctness
of the procedure.
The DFR NC conjecture has revealed the existence of an anti-symmetric tensor gauge
field, beyond the NC vector gauge field, to maintain the gauge invariance in the θ-space.
It is easy to see that in the commutative limit, any influence of this anti-symmetric field
in the model goes to zero. A study of quantum aspects of this new field motivates our
research in the future.
Finally, we have computed the respective propagators and the DFR point of view,
diagrams, were we can view an analogy to the Feynman ones.
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